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Exercise Manual

Applications of Schrödinger’s Equation

Aim: To build upon knowledge from the first-year quantum mechanics course by providing an opportunity to investigate solutions of the Schrödinger Equation using several definitions of a finite potential well. At the end of this session, you should be familiar with the boundary conditions that apply to wave functions and their application to solutions of the Schrödinger Equation and the manner in which eigenvalues depend on the definition of the potential well.

Duration:  Two sessions. 

Hand in: Your laboratory notebook must be handed in during the first 15 minutes of your class in the week beginning 18th October
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Lab Practice: You must set out in your laboratory notebook a brief statement of the problem, the algebra you use, the results you have obtained with a suitable commentary. There is no need to provide accompanying graphs unless you are specifically asked to do so in the manual. There are several questions that must be answered to obtain the appropriate marks for the exercise. [1] mark is awarded for overall presentation.


Introduction

In first-year quantum mechanics you were introduced to the wave-like solutions of a particle confined within an infinite potential well. The energies that the particle can then take are quantised, i.e., only particular, discrete values are allowed. A particle of mass m can have the following eigenenergies within an infinite well whose half-width is a:
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.                       (Equation 1)

The quantity n is a quantum number that labels the energy eigenvalues.

In the exercise that follows you will investigate how changing the well so that it is finite, and not infinite, in depth alters the energies of the allowed solutions.

We shall begin by considering a particle, again of mass m, that is trapped within a well of depth V0 (see figure below). To understand what follows you need to appreciate that because the well is no longer infinite the particle has a finite probability of tunneling beyond its confines.
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Section 1

Use Equation 1 to calculate the eigenenergies associated with the case of an electron of mass m = 511000 eV/c2 bound in a square well. You should choose the full width (2a) of the well to lie between about 0.4 nm and 0.6 nm. Calculate the first four values.

Since the mass of the electron has been given in energy units, you may find it convenient to note that the value of 
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, where c is the velocity of light, is given by 197.3289 eV nm.

Next, using the program rkscheq, find the corresponding energies for an electron within a finite well of the same size. Select Vo to be in the range 12 to 20 eV..

Running the program

The program has been written to solve the Schrödinger Equation numerically for an electron energy of your choice. This choice, being a guess in the range 0 to Vo is unlikely to be an eigenenergy.   Note, an eigenenergy is one for which the eigenfunction of the Schrödinger equation obeys proper boundary conditions.   

It is very important that you know and understand what the “proper boundary conditions” are. You should write these down in your report.                                 [1]
The program displays the eigenfunction (i.e., the probability amplitude of the particle being in a particular position within the well) for your choice of energy.  You must vary the energy until the eigenfunction satisfies the boundary conditions. This happens when the plotted eigenfunction tends to zero as the position x becomes large.

The lowest eigenenergy is that for which the corresponding eigenfunction has the fewest nodes, that is, zero nodes if one does not count the nodes at the extremes of the eigenfunction.

Repeat this to obtain the other eigenfunctions.    Each successive eigenfunction has one more node than the previous one.   

1. To run the program type rkscheq and select the first option for the square well. Enter the depth of the well (V0), the full width (2a) and the starting value for the electron energy.

2. A new graphics window will appear within which the potential well is plotted, together with the eigenfunction for your chosen energy (remember this is a ‘probability amplitude’ and so does not have the same units in the vertical direction as the potential). It is likely that the eigenfunction will not be a valid solution, i.e., it will be badly behaved and will diverge to very large negative or positive values at large x.

3. Now change your choice of energy until the eigenfunction converges to the x-axis (position axis) for large x. You will find that as you get close to the correct value the convergence is very sensitive to the choice of energy.

4. Make a note of the eigenenergy you find. (There is no need to proceed beyond four decimal places in accuracy.)

5. Repeat the above and find the next few eigenenergies. 

Sketch carefully in your book the eigenfunctions of the bound states you found. Label the eigenfunctions on your plot with the corresponding eigenenergies.  Also write down the definition of the potential well you have chosen.

[2]
· Question 1: Compare the finite-well energies with those for the same-size infinite well (which you were asked to calculate above). Why are finite-well energies lower?    





[½]
· Question 2: Finally, choose an energy E > Vo. What does the wave function look like?    Why is this so different from the eigenfunctions you have seen so far?                                             
                                  [½]
Section  2

Next, investigate the behaviour of the solutions within a simple harmonic oscillator (SHM) potential (option 2). The potential is therefore no longer square but parabolic in shape, i.e.,
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Choose the constant C to be in the range 10.0 to 100.0 eV nm(2.

Repeat the entire eigenvalue search procedure from Section 1, but choose instead the SHM potential when you run rkscheq.

Find the first four eigenenergies and write these down.

You can save time by noting that the angular frequency of a Harmonic Oscillator with V(x) = ½Cx2 is given by  = 
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where m is the mass of the particle, the electron, in this case.   


[2]

· Question 3: 
How do the eigenenergies you have found compare with (multiples of) 
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?  
[1]

Section 3

Run rkscheq and use option 4 where the potential well has a barrier on the right with a width dw which you can choose. Do not make dw too large; 0.1 to 0.3 nm should suffice.
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Use the results from Section 1 and select the third eigenenergy as your guess. You should not iterate. Include a sketch of the resulting eigenfunction in your book.

· Question 4: Comment on the behaviour of the eigenfunction inside the barrier and also to the right of the barrier. What is the significance of this result?

[2]
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